Abstract. A theory of wrappings of permutations is constructed which is analogous to the well-known concept of branched coverings of Riemann surfaces. It is shown that this theory is strong enough to contain combinatorial definitions of such well-known groups as Fuchsian groups of the first kind and triangle groups.
Introduction. The proofs of several classical theorems of mathematics employ the device of embedding a combinatorial graph in the plane and then making use of its discrete structure. The proof of the Jordan Curve Theorem [7] makes use of a rectangular grid, and Poincare's description of the Fuchsian groups [8] leans heavily on the observation that the dual graph to the tesselation generated by the fundamental region is a Cayley graph of the group. It is well known by now that such plane embeddings, or in fact any embeddings of graphs on closed oriented surfaces can be described by means of permutations in the following manner. If we consider a graph as a symmetric directed graph, then the orientation of the ambient surface induces a cyclic permutation of the arcs emanating from each vertex of the graph. Let P denote the disjoint product of all these cycles and let Q be the involution that maps each arc to its inverse. For example, if we interpret Figure 1 as a plane graph, then P = (1 5 3)(2 ca)(Al b)(6 9 8) and Q = (1 2)(3 4)(5 6)(7 8)(9 a)(b c). Note that the disjoint cycle decomposition of the product PQ is (1 6 a)(2 b 3)(4 8 5)(7 c 9) and that these cyclic factors are in an obvious one-to-one correspondence with the regions of the embedding. As this correspondence is not merely coincidental, it seems reasonable to expect the symmetric group to play a deep role in the combinatorial topology of the orientable surfaces. Robert Cori [2, 4] and others have pointed out that fixed point theorems have interesting analogs for centralizers of certain sets of permutations. The author has discussed the Jordan Curve Theorem in this context in [10] and has also shown in [11] that the characters of the symmetric groups can be brought to bear on the difficult problems involved in the enumeration of combinatorial maps.
In this paper we construct a combinatorial analog of both Euclidean and nonEuclidean tesselations. §1 contains a description of fundamental groups and wrappings of ordered sets of permutations. The role of the centralizers of these permutations is explained in §11, which owes much to the work of R. Cori in [2] and elsewhere. This section also includes a discussion of quotient maps and of deck I. Wrappings and fundamental groups. All functions and permutations in this paper are assumed to act on the right, so that their composition is to be read from left to right. The image of an element a under the action of the permutation P will be denoted by aP. We define a combinatorial map M to be a triple (S, b, P), where 5 is a set, b is an element of S that is called the basepoint of M, and P is a sequence (Pr, P2,..., Pc) of permutations that act transitively on the underlying set S. It should be pointed out that this terminology differs from that found elsewhere in the literature in that it introduces a base point and allows for more than two permutations. The need for the base point will become clear later. The advantage of allowing for more permutations lies, obviously, in its greater generality, especially since this turns out to cause no increase in the complexity of the proofs.
Given two maps M = (S, b, P) and M = (S, b, P), where P = (Px,..., Pc) and P = (P,,..., Pc), and given a function /: S -> S, we say that / is a wrapping of M onto M provided that the following conditions hold:
(b)f=b; (1.1) (xP,)f= (x)fP, for all x <= 5 and i: = 1,2,. ..,c;
(1.2) xPk = x if and only if (x)fPk = (*)/, for all k and all x <= S.
The first condition requires no comment. The second says that P, and P, act consistently at corresponding elements of 5 and S. The last condition implies that corresponding orbits (cyclic factors) of P, and P, have equal length. Such a wrapping will usually be denoted by /: (S, b, P) -* (S, b, P) or /: M -* M. (U,1)P2= (/,; + 1,3), (i,j,2)P2=(i-\JA),
The combinatorial map M = (S, h, P) is the one that corresponds to the plane graph whose vertices consist of the integer lattice and whose edges are the unit length lines connecting these vertices. The permutation Px describes the clockwise orientation at each vertex, and P2 is the permutation derived from the edges of the embedded graph. Next, set S= {1,2,3,4}, 6 = 1, P, = (12 3 4), P2 = (13)(2 4), (ij,k)f=k.
Then /: M -> M is a wrapping, where M = (S, b, P). The combinatorial map M corresponds to the well-known 2-cell embedding of a graph with a single vertex and two loops on the torus. In § §I and II, whenever we refer to maps M and M it will be assumed that M = (S, b, P), M = (S, ~b, P), P = (Px, P2,..., Pc), and P = (P1? P2,..., Pc). This will actually hold throughout the article, except that in § §III and IV the constituent permutations of P and P will be more explicitly specified. Given a map M, the orbits of each constitutent permutation P, are referred to as the Pfcells. If /: M -* M is the wrapping described above, then it follows from (1.1) and (1.2) that the restriction of / to each Prcell is a bijection onto the corresponding P,-cell. Since (1.1) is still valid when P, is replaced by the product PXP2 • • ■ Pc, it is easily seen that / wraps each cell of P, P2 • • • Pc around the corresponding cell of PXP2 ■ ■ ■ Pc. The quotient of the lengths of these corresponding cells is therefore an integer (or is infinite) and is called their wrapping index. Example 1.3. Set P, = (123 4), P2 = (1 2)(3 4), and P, = (1 2 3 4)(1 234) (12 3 4), P2_= (1 2)(3 4)(1 2)(3 4)(1 2)(3 4). Then PXP2 = (1)(2 4)(3) and PXP2 = (1)(1 1)(2 4 2 4 2 4)(3)(3 3). If we set (a)f = (a)f -(a)f = a for a e {1,2,3,4}, then / defines a wrapping. The wrapping index of (T) around (1) is 1, whereas the wrapping index of (1 1) and (1) is 2. Lemma 1.4. Let f: M -> M be a wrapping, let P,, P,,..., P, be a sequence of permutations from P, and let P;, P;,..., P, be the corresponding sequence in P.
Then, (xKK ■ ■ ■ K)f = WftA ■ ■ ■ p:" f°rallx G §-Proof. This follows from (1.1) by a simple induction on m. Q.E.D. If the wrapping /: (S, h, P) -» (S, b, P) also satisfies the additional condition:
for all k and all a g S, then we say that / is a covering. The functions / defined in Examples 1.1 and 1.2 are in fact such coverings, whereas that of Example 1.3 is not a covering. The first part of this article is devoted to the classification of such coverings of a combinatorial map M. For any permutation sequence P = (Pv..., Pc) we define W(P) to be the set of all the words over the symbol set {P,±x}J = 1. We now go on to define an equivalence relation on W(P) that mimics the topological notion of homotopy for paths beginning at a basepoint. For each word W G W(P) and each element aeS, aW denotes the image of a under the action of W when the latter is regarded as the composition of its constituent permutations. Thus in Example 1.3 above, lPlP2Pl = 2 and 1P23P, = 3. The set H(P) consists of all those words X G W(P) such that X is either a word over {P(, P~l} for some i = 1,2, ...,c, or else X is a concatenation XXX2 ■■■ X" where each X] is one of the two words PXP2 ■ ■ ■ Pc, P;1 ■ ■ ■ P2lP{1.
UWltW2e
W(P) and X e H(P) are words such that bWxX = bWx, we then say that WXXW2 is elementarily homotopic to WXW2. The words U, Kg W(P) are said to be homotopic if there is a sequence of words U= Wx, W2,... ,Wn = V such that for each i either lVi is elementarily homotopic to Wj+l or vice versa. In this case we write U ~ V. This is clearly an equivalence relation on W(P). Note that if U and V are homotopic words then bU = bV. In the examples below as well as elsewhere in this article the identity permutation will be denoted by / and the empty word by A. Proof. We first show that the given operation is indeed well defined. Suppose [/, = U2 and Vx~ V2. Any chain of elementary homotopies used to establish the equivalence of Ux and U2 also establishes the equivalence of UXVX and U2VX. Moreover, since bU2 = b, it follows again that every chain of elementary homotopies used to establish the equivalence of Vx and V2 also establishes the equivalence of U2VX and U2V2. Consequently UXVX « U2V2 and the given binary operation is indeed well defined. The associativity of this operation follows from the associativity of the concatenation of words. Finally, that [W~l] does indeed provide an inverse to [W] follows from the observation that for each i, the deletion of X = PjP~l or X = P~lP, from any word UXV constitutes an elementary homotopy. Q.E.D.
The group -n(M) is called the fundamental group of the map M. It is easy to see that the fundamental groups of the maps of Examples 1.6 and 1.7 are trivial. As the definition of homotopy assumes the choice of a base point, the fundamental group depends on this choice. However, if bW0 = c for some W0 g W(P), then it is easily seen that the correspondence W <-» W0'1WW0 induces an isomorphism between the two fundamental groups based at b and c respectively. Example 1.9. Let M be the map of Example 1.2, i.e., P, = (1 2 3 4) and P2 = To show that tr(M) is indeed freely generated by these two elements is more difficult. Instead, we point out that it follows from Propositions II.4 and IV.4 that 7r( M) is the free abelian group on two generators. We mention in passing that the technique used in [8] for finding a presentation for the edge path group of a simplicial complex can be modified to obtain a presentation for it(M). These presentations, however, are rather unwieldly, and so we merely point out that Proposition II.4 and Theorems IV.4 and IV.5 provide us with examples of maps (root maps, to be defined later) with known fundamental groups.
Let /: (S, b, P) -* (S, b, P) be a covering. The function / induces a one-to-one correspondence between the words of W(P) and those of W(P) in which / / (1.4) W=Y[Pj' is matched with W=Y\Pp-
We refer to W of (1.4) as the lift of the matching W. By Lemma 1.4, (t>W)f=bW for all We W(P). To demonstrate this it suffices to work with elementary homotopies. So suppose Wx = UXV, and W2 = UV where X g H(P) such that bUX = bU The verification of (1.5) reduces to the equivalence of the following two statements (i): Wx = UXV, W2 = UV, bUX = bU, (I): Wx = UXV, W2 = UV, bUX = bU.
This last equivalence follows by an application of (1.1), (1.2), and (1.3). In the sequel (1.5) will be referred to as the homotopy lifting property. This property together with (1.4) has the following implication. Proof. Two applications of (1.4) establish a one-to-one correspondence between W(M) and W(M) that matches w = n p," with w = n pp-
In view of (1.5) this correspondence preserves homotopies. For each x G 5 let Wx be a word in W(P) such that bWx = x and define (x)B = bWx. We first show that the function B is well defined. Let fx be another word in W(P) such that btx = x. Then "bWxt;1 = b and so [Wxt;1] e -n(M). Consequently [WxTx~l] e (w(M))/", and since it was assumed that /" and g* have the same ranges, it follows that Proof. Suppose x8 = x for some x g S. For each P, xP,S = xSP, = xPt.
Hence each element in each P,-orbit of x is also a fixed point of 8. The statement of the proposition now follows from the transitivity of the permutations in P. Q.E.D.
It follows from the above proposition that given any x, y g S there is at most one deck transformation that carries x to y. This yields another way of characterizing regular coverings. Here and below, whenever an orbit is written out explicitly, we shall simplify the notation by assuming the orbit to be finite. The interested reader will have no difficulties in making the modifications required to cover the infinite case as well.
Proposition II.5. Let A be the group of deck transformations of the wrapping f: M -> M. Then the action of the nontrivial elements of A on the cells of each P, G P has no fixed points. If f is a covering, then the action of the nontrivial elements of A on the cells of PXP2 ■ ■ ■ Pc also has no fixed points.
Proof. Suppose first that /: M -» M is a wrapping and let 8 be an automorphism of / such that the induced action of 8 on the cells of some P, g P has the fixed point (x xPt xP2 ■ ■ ■ xPk). It then follows that x8 = xP[" for some integer m. Then, (x)f=(x8)f=(xPr)f.
However, it follows from (1.1) and (1.2) that / maps the elements of each orbit of P, injectively onto the elements of an orbit of the corresponding P; G P. Consequently xP,"1 = x and so x8 = x. By Proposition II.2, 5 must be the identity.
If / is a covering, then condition (1.3) also holds and it implies, in an analogous manner, the desired result for the action of A on the cells of PXP2 ■ • • Pc. Q.E.D. Theorem II.6. If M = (S, b, P) is a map and A is a subgroup of the automorphism group of M such that the induced action of each nontrivial element of A on the cells of each P, G P has no fixed points, then there is a wrapping f:M->M whose group of deck transformations is A. If, in addition, the action of the nontrivial elements of A on the cells of PXP2 • -■ Pc also has no fixed points, then f is a covering.
Proof. Let M = (S,b, P) be a map, and A a subgroup of its automorphism group the induced action of whose elements on the orbits of the permutations in P is fixed point free. Denote by xA the orbit of x g 5 under the action of A. We set S = {xA\x g S], b = bA.
For each P, g P and each a = xA g S, define aP(. = xP,A.
To see that P, is well defined, suppose a = xA = yA. Then there is a 8 g A such that x8 = y and so >>P,A = x8P,A = xP,SA = jcP,A.
The function P, inherits the invertibility of P, and so it is indeed a permutation. Let P = (P1,P2,...).
We now set M = (S, b, P) and define the function /: 5 -» S as (x)f = xA. Since (x)fPt = xAPj = jcP,A = (xP,)/, condition (1.1) is satisfied. Suppose now that xAPk = xA for some x g S, P, g P, and some integer k. Then xPkA = xA and so there is a 8 g A such that xPk = x8.
But this means that the orbit of P, that contains x is fixed by the induced action of 5, and so 8 is the identity, xPk = x, and condition (1.2) is satisfied. Thus, / is a wrapping. The same proof, mutatis mutandis, also shows that condition (1.3) holds when the additional hypothesis regarding the orbits of PXP2 ■ ■ ■ Pc is satisfied, so that in that case the wrapping / is in fact a covering.
Since A is by definition a subgroup of Z(M) and x8A = xA for all x g S and 8 g A, it is clear that A consists of deck transformations of /. Conversely, suppose f is a deck transformation of /. Then (H)f = (~b)f' = b and so ftf g (b)f'1 = bA.
Hence there exists a 8 G A such that H = b8.
As the nonidentity deck transformations have no fixed points in S, it follows that f = 8 and so A consists of all the deck transformations of /. Q.E.D.
We shall refer to the map M produced in the above proof as a quotient map and denote it by M/A.
III. Canonical maps. A map M = (S, b, P) is said to be graphical if c = 2 and P,
is an involution without fixed points. For graphical maps we will dispense with the indices of the permutations in P and simply write P = (Q, R) where Q = Px and R = P2. A pair (M, 0) is said to be a canonical map if M = (S, b, P) is a graphical map with a trivial fundamental group, and 0 is a subgroup of the automorphisms of M such that (111.1) (i) the action of $ on the £>-cells has no fixed points, (111.2) (ii) given any two P-cells, there is exactly one element of <& that carries one cell onto the other.
This section is devoted to the description of such canonical maps. They are the combinatorial analogs of the canonical tesselations of [5] . It follows from Theorem II.6 that with every canonical map there is associated a wrapping /: M -* M, where M = M/$ and where $ is the group of deck transformations of /. If M = (S, b, P) and P = (Q, R), then it is clear that Q is also an involution without fixed points. Condition (III.2), in conjunction with Proposition II.2, implies that R is a cyclic permutation. If we denote the P-cell that contains the base point b of M by R0, then we shall follow the convention that the corresponding elements of R0 and R will be denoted by a and a respectively. Cells P, and P2 of R for which there exists an x G S such that x g Rx and xQ g R2 are said to be adjacent, and we also say that the cells Rx and P2 split the g-cell (x xQ). Since Q is an involution, adjacency is a symmetric relation. For each a g S let Rap be the P-cell that contains aQ (thus splitting (a aQ) with P0), and let <f>a be the unique element of $ that carries R0 to Pag.
The following lemma is the permutations analog of the well-known observation that the dual of a regular tesselation is the Cayley graph of its group. Proof, (i) Let 0' be the subgroup of $ that is generated by T and suppose that $' ¥= $. Because of the transitivity of the action of Q and R, there is an element x G S such that xe\J{(Ro)<P\4>^®'} but x{2eU{(*o)*l*e<&'}.
Let <|> be that element of $' for which x g (P0)(j> and let a = (x)f. Then a =-x4>~1 G P0. Let P, and P* be the orbits of R that contain aQ and xQ respectively. By the definition of <f>a, (*")*» "*iSince (aQ)<b = (<5<f>)£> = xg G P*, we have (P0)^ = (P,)^ = P*. Thus ^ is an element of $' that carries P0 to P*. Since xQ is an element of P* and was assumed not to be an element of {J{(R0)<b\<j> g $'} we have arrived at a contradiction of the assumption that 0' =£ 0.
(ii) For the given x, y, let a be the unique element of x$ n P0 and let c be the unique element of y$ n P0. Let <j>, and <f>2 be the unique elements of $ such that We shall refer to the above presentation as the natural presentation of 3>.
IV. F-presentations. In a group generated by the elements {g,}/=1, a set of words is said to be orientably strictly quadratic if each of the symbols {g,, g~1}, i = 1,2, ...,s, occurs exactly once in that set. Let G = (g,,..., gs | Gx\ ..., G"'r) be a group presentation wherein Gx, G2,...,Gr form an orientably quadratic set of words. Let S denote the symbol set {gi±1)i^x and let Q be the involution (gx gil) ■■■(gs gs1)-If Gj = git ■ ■ ■ gik for j = 1,..., r, let P be the permutation of S whose cyclic factorization is P = P, • • • Pr where Py = (g(. gt ■ ■ ■ g^ ). Finally, set P = QP1. If the permutations P and Q act transitively on the set S, we then have a graphical M(G) = (S, gx,(Q, R)) which we call the root map of G. It is clear that the action of P and Q is transitive if and only if the group presented by G is not the free product of two nontrivial subgroups. The above presentation G is said to be an orientable F-presentation if the product P = QP1 has a single cell. It is easily seen that the group defined by an P-presentation is an P-group in the sense of [3] . It follows from Propositions III.2, III.3, and III.4 that the natural presentations of the groups of the canonical maps are in fact P-presentations.
We now go on to the construction of canonical maps whose groups are to have a prespecified P-presentation. Proof. Let M = (S,b,P).
Since M is graphical P also consists of only two permutations Q and P, of which Q is an involution without fixed points. Set We now go on to construct some well-known P-presentations by specifying the corresponding uniform wrappings. Lemma IV.3. Let M = (S, b, (Q, R)) be a graphical map in which the permutation R has a single cell. Let PXP2 ■ ■ ■ P be the disjoint cycle decomposition of P = R~lQ with each cell P, havingp, elements. Let n', mx, ...,m be positive integers, and let n = \S\. For each a G S let ku and pa be permutations of 1,2,... ,n' such that is the natural presentation of the group of some canonical map.
Proof. If we regard the length 2 relators as merely defining inverses, then the permutations of the root map of the given presentation are It is clear that in all cases equations (IV.l) and (IV.2) of Lemma IV.3 are satisfied and so we are done. Q.E.D.
Theorem IV.5. Let e be an integer greater than 2, and let mx, m2,...,me be arbitrary integers greater than 1. Then the F-presentation is the natural presentation of the group of some canonical map.
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Of particular interest is the case e = 0 in Theorem IV. 4 . In that case the group of the presentation is the fundamental group of the closed orientable surface of genus Y, and the associated permutations are P = (g\g2 ■■■ £4y)> Q = (gl gi)(g2 g*) ■ ■ ■ (g4y-2 giy), R = QP1.
For y = 1 this specializes to Example 1.2, thus proving that the group described in that example is indeed free abelian on two generators.
V. Examples.
Topological covering projections. Let p: (X, x) ^> (X, x)bea covering of closed orientable surfaces and let G be a graph that is 2-cell [13] embedded on X so that x is a vertex of G. If we associate with C7 and p~l(G) pairs of permutations and combinatorial maps as described in the introduction, then p induces a combinatorial covering between these combinatorial maps. If p is only a branched covering, and each region of G contains at most one branch point, and G contains no branch points, then p induces a wrapping between the associated combinatorial maps. Group homomorphisms. Let h: F -> T be a group homomorphisms, and let {Y,}/=i be elements of t such that Orderly,) = Order r(h(y,)). If S is the subgroup of f generated by {y,}-_i and S = h(S), let P, be the permutation of 5 that right multiplication by y defines, and let P, be the permutation of S that right multiplication by A(y,-) defines. If e and e are the respective identity elements of T and T, and if P = (P,, P2,..., P(.) and P = (Px, P2,..., Pc), then the restriction of h to S defines a wrapping f:(S,e,P)^(S,e,P).
